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If 4 is a C-automorphism of @[x,, x,] with 4(x,) = f(x,, x2) and 4(x,) = g(x,, .x2), then 
f(0, t), g(0, t), f(t,O), g(t,O) are the face polynomials of 4. In other papers (An inversion 
formula for two polynomials in two variables, On the inversion formula for two polynomials in 
two variables) McKay and Wang have shown that the face polynomials determine the 
automorphism and have given some conditions on a set 9 of four polynomials which are 
necessary whenever 9 consists of the face polynomials of an automorphism. In this paper, using 
the proof of the Main Theorem of a paper by S.S. Abhyankar and T.T. Moh (Embeddings of 
rhe line in the plane), these conditions are shown to be sufficient. One of the conditions is: 
Resuhant,( f(0, s) - f(t, 0), g(0, s) - g(t, 0)) = ut and Resultant,( f(s. 0) - f(0, t), g(s, 0) - 
g(0, t)) = rt where p, v E C\(O). 
The following question was raised in [3, Question 211 and [4, Question 41. 
When are p,r(t), or*, pzl(t), pz2(t) the face polynomials of a C-isomor- 
phism from C[Z, , Z,] onto @[x1, x2]? In other words, when is there a @-algebra 
isomorphism 4 : @[Z,, Z,]-+ C[x,, x2] such that 
44z,L*=,, =P2t(t) 3 dG)lx,=r, = Pn(W 
x*=0 x2=0 
A necessary condition was given in [4, Proposition 51 and it was conjectured 
that the condition is also sufficient [4, Conjecture 61 because of the supporting 
evidence [4, Proposition 81. In this article, we shall show that this is indeed the 
case. 
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We first briefly recall the classical notion of characteristic data of two polyno- 
mials in a single variable. Let u(t) and u(t) be polynomials of degrees n and m 
respectively such that C((u(t), u(t))) = C((t)). If we set 
u(t) = q-” ) 
then v(t) can be expressed as a Laurent series in the new variable r) and its order 
with respect to 77 is -m, say, 
v(t) = c ui7,ri with ui E C and u_, # 0 . 
-m 
Define 
d,=n, m, = min{i: ui # 0 and d, ,j-’ i} , 
d, = GCD(d,, m,) > m2 = min{ i: ui # 0 and d, 4 i} , 
d, = GCD(d,, mz> , m3 = min{i: ui # 0 and d, ,j’ i} , 
eventually 
d 1, h+l = mh+l = w. 
Then (4, ml), (d2, m,), . . . , (4, mh) are called the characteristic data of the 
pairs of polynomials (u(t), u(t)). (Cf. [l; 6; 8, p. 71.) 
Further, we include a constructive definition of the approximate root of a manic 
polynomial, a notion first introduced by one of us [l, 5, 71. If P(y) = y” + 
P1y”-l+... + p, is a manic polynomial of degree n and d is a divisor of n, then 
write 
f’(y) = Y”P + QW’N 
where Q( y-‘) = p,y-l + . . . + p,y-“. Let the binomial expansion of [l + 
Q( Y-‘)]“~ be 
1+ qly-l + q*y-* + . * * . 
Multiplying this by y”ld and dropping the terms with negative exponents, we have 
the dth approximate root of P(y). In other words, the dth approximate root is 
y”ld[l + qry-’ + q2y-* + *. * + qnldy-*ld]. 
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12, (4.2) Main theorem, p. 1611 says that if two polynomials u(t) and u(t) in C[t] 
generate @[t], then one of the degrees must divide the other. We observe that its 
proof really shows the following: 
Theorem 1. Let CY :C[Z,, Z,]-+ C[t] b e a surjective @-algebra homomorphism 
whose kernel is generated by F(Z,, Z,). Let (d,, m,), (d2, m2), . . , (dh, m,,) be 
the characteristic data of the pairs of polynomials (o(ZI), o(Z,)). Zf G(Z,, Z,) 
denotes the d,th approximate root of F(Z,, Z,) with respect to the variable Z,, 
then 
C[W,> Z,>, G(Z,, -%)I = C[Z,, -&I. 0 
Example 2. Let a : @[Z,, Z,]+ @[t] be the @-algebra homomorphism defined by 
a(Z,) = u(t) = t + t”, cy(Z2) = u(t) = t + t3 + t’. Then (Y is surjective and Ker (Y = 
(F(Z,, Z,)) where F(Z,, Z,) = [(Z2 - Z,)2 - Z,13 + Z, - Z,. If we set 
u(t) = y6 ) 
then 
u(t) = n-6 - n-3 + ; 70 + ; 72 - ; 
1 
n3 - 12 $ +. . . ) 
d, = deg,u(t) = 6, m, = -3, d, = GCD(d,, m,) = 3, m2 = 2, d, = GCD(d,, m2) = 
1, m3 = a. Hence h = 2 and d, = 3. The 3rd approximate root of F(Z,, Z?) with 
respect to Z, is (Z, - Z,)2 - Z,, i.e., G(Z,, Z,) = (Z, - Z,)’ - Z,. The conclu- 
sion of Theorem 1 says that @[F, G] = C[Z, , Z,]. 
Lemma 3. Let (Y : C[ Z, , Z,] * C[ t] b e a surjective @-algebra homomorphism. Then 
the kernel of LY is a principal ideal generated by the resultant 
Res,(u(s) - 4, 4s) - z,) 
where 
u(t) = o(Z,) and u(t) = o(Z,) . 
Proof. By hypothesis, Ker (Y is a height one prime in @[Z,, Z,], hence generated 
by any irreducible element in Ker (Y. Apply LY to the given resultant and observe 
that U(S) - u(t) and u(s) - u(t) have the common factor s - t. It follows from a 
standard property of the resultant that o(Res,(u(s) - Z,, a(s) - Z,)) = 0. In [3, 
Theorem l] it is proven that Res,(u(s) - Z,, U(S) - Z,) is the qth power of an 
irreducible polynomial in @[Z,, Z,] where q = [C(t) : @(u(t), u(t))]. In the present 
case (Y is surjective and so q = 1. Thus the given resultant is irreducible. 0 
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Theorem 4. Let pII( p12(t), pzl(t), pz2(t) E@[t] be polynomials with zero 
constant terms. Then the following conditions are equivalent: 
(1) There exists a @-isomorphism 
such that 
4(Z,) =fh, 4 > 4(G) = &I> 4 9 
f(OY 4 = Pll(O 7 do7 t> = Pn(t) > 
f(t, 0) = h(t) , s(t, 0) = P&) . 
(2) 
Res,(zds) - pdt)~ h_(s) - pz2(t)> = @ T 
Res,(Ms) - pll(t)y ids) - t-4)) = vt 
f or some 
p, v E C\(O) . 
(3) There exist A(Z,, Z,), B(Z,, 2,) E C[Z,, Z,], irreducible, and 
A(P,,($ in) = 0 3 B(P,,(% df)) = t > 
A(p,,W, PAN)) = t 7 B(P,,(~), 40) = 0. 
(4) (i> 1. t,, t, E @ such that pII =pzl(t,) and &t,) =d&), then t, = 
t, =o. 
Proof. We need only show (3) j (1) since (3) 3 (2)e (3)e(4) were established 
in [4, Proposition 51. As an intermediate step we will show that Condition (3) 
implies that 
We consider the case degzI B(Z, , Z,) 5 deg,-A(& , 2,). Define cyI : @[Z, , 
Z,] --i, C[t] to be the C-algebra homomorphism given by 2, -pII and 2, -+ 
p12(t). Then cq is surjective by hypothesis. The kernel of LYE is a height one prime 
ideal and generated by any irreducible element in Ker q. Hence Ker (Y~ is 
generated by A(Z,, 2,). Furthermore, Ker CY~ is generated by Res,( pII - 
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Z,, p12(s) - Z,) by Lemma 3. Hence A(Z,, Z,) is a nonzero constant times 
Res.kM) - Z,, PI&) - Z,) and by [3, Corollary 61 the Newton polygon of 
A(Z,, Z,) is a triangle. Similarly this also holds for B(Z, , Z,). For any divisor d 
of deg,,A(Z,, Z,), there is a dth approximate root of A w.r.t. Z,. 
Let (4, q), (4, m,), . . . , (4, mh> be the characteristic data of 
(PI*(t)> 44) and let G(Z,, Z,) be the d,th approximate root of A(Z,, Z,) 
w.r.t. Z,. Then by Theorem 1, 
C[A, Gl = C[Z,, Z,] . 
Applying CX,, we have C[q(G)J = @[t], and q(G) = at + b for some a, b EC, 
a # 0. There is a c E @ with deg,,(B - CA) < deg,, A. Since G - a(B - CA) - b is 
in Ker (Ye and has Z,-degree less than deg,, A, G = a(B - CA) + b. 
C[Z,, Z,] = @[A, G] = C[A, all] = @[A, I?]. 
To complete the proof of the present case, define a2 : C[Z,, Z,]+ C[t] by 
Z, ++ pzI (4 and Z, ++~~~(t) and let f, g be such that 
AAt-& 7 Z,>, B(Z, > Z,>> = 4 > g(A(Z,, Z,>, WZ,, -7)) = z, . 
Applying (Ye we have f(0, t) = p,,(t), g(0, t) =p12(t). Applying a2 we have 
f(k 0) = P*,(t), g(t, 0) = P22(4. 0 
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